Shape dynamics is a reformulation of general relativity, locally equivalent to Einstein's theory, in which the refoliation invariance of the older theory is traded for local scale invariance. Shape dynamics is here derived in a formulation related to the Ashtekar variables by beginning with a modification of the Plebanski action. The constraints of shape dynamics and their algebra are reproduced in terms of these new variables.
Introduction
Many of the challenges of quantum gravity can be tied to the invariance of general relativity under space-time diffeomorphisms. The aspect of this gauge symmetry which causes difficulties is the consequent freedom to choose an arbitrary time coordinate which slices the space-time manifold into a one parameter family of spatial slices. Called many fingered time, or refoliation invariance, this gauge symmetry has a different relation to dynamics than other better understood gauge symmetries in that it is generated by a constraint-the Hamiltonian constraint, H, which is quadratic in canonical momenta of the gravitational field. This means it does not correspond to a vector field on the configuration space, as is the case with Yang-Mills gauge transformations, as well as the constraints which generate diffeomorphisms of the spatial slices. Indeed, the freedom to refoliate is locally indistinguishable from the dynamical evolution of local fields, so this gauge symmetry is intertwined with dynamics. In a word, kinematics is not distinguishable from dynamics, execpt when a gauge has been fixed. This leads to the bundle of technical and conceptual challenges known as the problem of time in quantum gravity.
One aspect of this mystery is the holographic nature of general relativity according to which the Hamiltonian of general relativity is a boundary term when acting on solutions to the constraints [1] . This makes key properties such as the positivity of energy and the stability of the ground state highly non-trivial to demonstrate, classically [2, 3] as well as quantum mechanically [4, 5] .
At the classical level, while posing challenges to our understanding, this intertwining of dynamics and kinematics is clearly correct, and has been largely understood. But it can be questioned whether fundamentally quantum theory can be made sense of in the absence of a preferred time variable. After all, there are physical predictions of linearized quantum general relativity, in which we quantize the linearized modes of the theory on a fixed background such as Minkowski or DeSitter spacetime, that depend on a preferred class of time coordinates. These include effects of operator ordering, which depend on a splitting of modes into positive and negative frequency-positive and negative with respect to a preferred class of clocks. As shown by [6] these include the possibility of parity breaking in the production of tensor modes in inflation. How are these physical effects to emerge from the low energy limit of a fully non-perturbative background independent quantum theory of gravity if the latter does not also depend on a preferred class of time variables?
One attractive option is then to posit that the refoliation invariance of general relativity is only an approximate or effective gauge invariance, applicable only in the low energy or classical limit of a quantum theory that is defined with respect to a preferred slicing-or class of slicings-of space-time. The possible advantages of this have been shown from several points of view including Horava-Lifshitz theory [7] and causal dynamical triangulations [8] . One advantage is that it allows parity to be broken in the production of tensor modes in early universe cosmology [6] . For many reasons, a theory with a preferred time coordinate and a bulk Hamiltonian fits better into the structure of quantum theory 1 . However, it does not seem correct to merely drop the Hamiltonian constraint, as that introduces a new, scalar degree of freedom, whose influence must be suppressed to reproduce the predictions of general relativity. For it is the Hamiltonian constraint that is responsible for gravitational waves being pure spin two. Moreover the Newtonian limit of the Hamiltonian constraint contains the Poisson equation for the gravitational potential, φ,
and, without that, a theory may be relativistic, but it is not a theory of gravity! Consequently, an even more attractive option is to trade the refoliation invariance for another local gauge invariance in such a way that the resulting theory has the same physical degrees of freedom as general relativity and, in spite of loosing the invariance under many fingered time, is locally equivalent to general relativity. This idea is realized in a theory called shape dynamics [12, 13] .
Shape dynamics has been constructed and understood starting with the canonical formulation of general relativity by following three steps [14] .
We begin with the phase space of the ADM formulation of Hamiltonian general relativity[1] on a compact surface, Σ, whose degrees of freedom are given by the three metric q ab and canonical momenta,π ab , in terms of the Hamiltonian and diffeomorphsm constraints, H and D a .
1. Enlarge the phase space of the theory by adding a scalar degree degree of freedom, ψ and its canonical momentaπ ψ .
2. Add a new scalar constraint, S that forms a first class algebra with D a , but gauge fixes, H.
The theory with enlarged phase space, Γ ext = {q ab , ψ;π ab ,π ψ } and system of constraints, C = (H, S, D a ) is called the linking theory [14] . The total system of constraints is second class, because {H, S} is not proportional to constraints, but it contains two first class sub algebras, (H, D a ) and (S, D a ).
3. One shows that the theory defined by the system (Γ ext , C) can be gauge fixed two ways. One can gauge fix S by imposing ψ = 0 which reduces the theory to general relativity. Or one can gauge fix H by imposingπ ψ = c det(q), where c is a possibly slice dependent constant, which breaks refoliation invariance and leads to an equivalent formulation of the theory with a new gauge invariance generated by S.
There is then a central theorem which holds that there is only a single way to construct a linking theory based on the extended ADM phase space, invariant under spatial diffeomorphism [15] . That unique theory is given by choosing the pair (H, S), where H is the ADM Hamiltonian constraint and
is the generator of local scale transformations. Moreover, when the gauge fixingπ ψ = c det(q) is chosen, Sπ
which is the constant-mean-curvature gauge condition (CMC slicing). Shape dynamics has already illuminated longstanding issues in gravitational physics such as the origin of irreversibility in the universe [16] and the reasons for the AdS/CF T correspondence [17] . And, prompted by some promising observations [18] , the quantum theory is now the focus of current work.
In this contribution we develop shape dynamics by addressing two questions which may open the way for progress on its quantization.
• We derive shape dynamics for the more modern formulations of general relativity where the configuration space is a space of connections rather than metrics 2 . This allows general relativity to be studied and quantized with methods derived from quantum gauge theories such as loop quantum gravity and spin foam models. We study here the maximally chiral Ashtekar variables [19] , although the results may work for arbitrary connection based theories.
• We derive shape dynamics beginning with an action principle and extending the configuration space and lagrangian, as opposed to starting with an extension of the Hamiltonian theory. In particular we make use of Plebanski's action principle [20, 21] , which being cubic in local fields, is the simplest possible form in which the dynamics of general relativity may be expressed.
Both these results should open paths to the quantization of shape dynamics, by making contact with modern techniques in quantum gravity that depend on both connection variables and action principles. Some very tentative observations about this are in the conclusions. Before that, in the next section we construct the linking theory for shape dynamics expressed in the Ashtekar variables by starting with an extension of the Plebanski action and deriving the extended phase space and constraint algebra. In section 3 we see how this formulation of shape dynamics arises by gauge fixing the linking theory.
The linking theory
We begin with the chiral Plebanski action [20, 21] ,
where B i is an SU(2) valued two form,
i and the symmetric matrix of scalar fields φ ij is restricted by the condition
We will here consider the case that all fields are real, which means that we are describing general relativity with Euclidean signature. The case of Lorentzian gravity involves some subtleties which will be discussed elsewhere.
To construct the linking theory we add a scalar field ψ and rescale
The action is now,
where the rescaled curvature is
Equations of motion
We vary the fields in (7) to find the equations of motion of the inking theory:
The canonical theory
We proceed to construct the canonical theory. The first step is to define the canonical momenta. As in the usual theory we have
There is a new canonical momentum for ψ:
This gives rise to a new constraint
Note that S(ρ) = Σ Sρ generates the action of weyl transformations, under
we have
We then rewrite the action in the totally constrained Hamiltonian form
where the Gauss's law constraint is,
and there are several second class constraints
These imply four first class constraints, which follow from the symmetry and trace fixed properties of the φ ij . These are easily seen to be the obvious modifications of the Hamiltonian
and vector constraints
We can combine V a with the Gauss law constraints to make the spatial diffeomorphism constraints
This generates spatial diffeomorphisms as
The shifted Gauss's law and shifted Wilson loops
Let us take a moment to understand the Gauss's law constraint. It generates the modified gauge transformation,
To understand this let us undo the transformation () and write 
It makes sense to then define the rescaled Gauss's law constraint
In other words we consider the shifted gauge transformations,
We can then define a gauge invariant Wilson loop observable labeled by a loop γ in Σ
The algebra of constraints
We check the algebra of constraints. The first non-trivial check to make is that the Poisson bracket of the Weyl constraint S with the Gauss's law constraint is first class:
This is nontrivial because S has a naked A i a that one might presume breaks gauge invariance.
We can also check that the modified Gauss's law constraint still is first class, but the SU(2) structure constants, ǫ ijk have become structure functions e −ψ ǫ ijk , so that
One can also verify that S with D(v) is first class:
and that S Poisson commutes with itself
Thus, the seven constraints, G i , D a and S form a first class system. One can also verify that the usual seven constraints of general relativity G i , D a and H form a first class system with the usual algebra, even in their modified forms.
However, S and H do not weakly commute. Instead we have
To summarize, we have defined the linking theory defined by the extend phase space,
on which there is defined the system of eight constraints per point of Σ
We have shown that C is second class but contains two seven dimensional (per point) first class subalgebras (H, D a , G i ) and (S, D a , G i ).
Back to GR or SD by gauge fixing the linking theory
To get to a purely first class system that can be quantized one needs to gauge fix either S or H. One can gauge fix S by the condition ψ = 0, this returns the theory to general relativity. S is then trivially solved to set π ψ equal to −π a i A i a . The other alternative is to gauge fix H by imposing the condition
In this case S becomes
This is analogous to maximal slicing. Alternatively we can choose the analogy to CMC slicing by choosing to gauge fix the Hamiltonian constraint by imposing,
where
In the presence of (40) the constraint S implies
which implies the mean curvature,
is a constant In this case H must be solved to express ψ as a function of A i a and π a i . This yields a first order partial differential equation to integrate to find ψ:
where the vector field w a is
To complete the gauge fixing the lapse N is fixed by the condition that the gauge fixing condition (40) is preserved by the Hamiltonian
where e i a is the dual frame field.
Concluding comments
I close with brief comments on further work.
• The results here are so far confined to Eucliean signature spacetimes. The Plebanski action for Lorentzian signature can be approached two ways: by complexifying the self-dual connection and then imposing reality conditions or by going to the full Lorentzian connection with a real Immirzi parameter. There appears no barrier in principle to constructing the linking theory by going to the extended phase space in either case, but the details remain to be worked out.
• Loop representation for shape dynamics A starting point for loop quantization of shape dynamics is the algebra of the generalized holonomy variables discussed in section 2.3. There is however a tension between the local scale invariance of shape dynamics and the minimal areas and volumes in loop quantum gravity. There are observables in LQG invariant under local scale transformations, these include the angles between edges at nodes with valence of five or higher.
Tim Koslowski [18] has suggested representing loop quantum shape dynamics by using unlabelled graphs. So the space of states is the same as LQG without spin or intertwined labels.
Neither areas nor volumes are Weyl invariant observables. Angles are Weyl invariant. If we restrict attention to four talent graphs there are no diffeomorphism invariant angles at single nodes. But there are angle observables for large complex subgraphs using Penrose's original spin geometry theorem. So if ρ is a large subgraph of a graph Γ, connected to the rest by N ρ edges we can use Penrose's spin-geometry theorem to assign an angle between any pairs of the outgoing edges. These will be the primary observables.
Once the states are understood, spin foam histories may be constructed from dual Pachner moves as in [22] . As there are no labels there are only amplitudes labeled by the kind of move, i.e,
If we want time reversal invariance then there are two independent amplitudes
corresponding to the two independent constants, G and Λ, i.e. the 1 → 4 moves generates expansion without shear and so is labeled by Λ whereas the 2 → 3 and 3 → 2 moves are a mixture of expansion and shear and so are related to a combination of G and Λ.
One goal is then to calculate correlation functions for perturbations of coarse grained angles to propagate.
• A key open issue is whether the equations (43,46) have any solutions and, if so, whether they are unique. It will also be important to understand the relationship between these equations (43,46) and their counterparts in the ADM formulation of shape dynamics. The two sets of equations differ in that the latter have one more derivative than those here. it may be that the reason is that one needs sot convert from first order form to second order form to convert connection dynamics into metric dynamics.
